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Abstract

Hydrodynamic wall effects are treated with an image or reflection method. This method uses a mirror image of
the molecule, with the opposite velocity, to satisfy the non-slip boundary condition of zero velocity of the liquid at
the wall. Molecules moving inside a slit require an infinite series of images, or reflections from both walls, whose
effects converge slower for thinner slits. It is shown that, with the same external field, wall effects increase the
electrophoretic stretch of DNA, more so for thinner slits. The theory is in fairly good agreement with stretch
experiments on T4 DNA in slits of width 5, 0.3, and 0.09mm by Bakajin et al.(Phys. Rev. Let. 80(1998) 2737).
For the same slits relaxation data are available for T4 DNA first hooked around an obstacle, stretched in a U-shape
in an external electric field, and sliding off until the stretched molecule moves away in free electrophoresis. The
theory approximates the relaxation of the molecule, after detachment from the obstacle, as the relaxation of tethered
DNA stretched in a temporary electric field. The theory agrees fairly well with the experiments. The significance of
electroosmotic flow is discussed for electrophoretic experiments. An Appendix gives numerical data on the free
electrophoresis of unstained and stained DNA, and discusses problems of the kinetic diameter of DNA.
� 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In recent years theories have been developed for
the electrophoretic stretch and relaxation of teth-
ered DNA in free solution and in agarose gels
w1,2x. In this paper we treat the effects of nearby
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cell walls. The object is to interpret the results of
Bakajin et al.w3x who measured the electrophoretic
stretch and relaxation of single T4 DNA molecules
in buffer solutions confined to thin slits. Walls
may modify the elastic and the hydrodynamic
properties of DNA. We apply a reflection method
w4x to approximately satisfy the hydrodynamic
non-slip boundary condition at the walls of the
slit. As before, the relevant differential equations
would be difficult to solve analytically. Therefore,
the problems are formulated in terms of difference
equations which are solved numerically. In the
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Fig. 1. Models of DNA:(b) for electrophoresis and chain sta-
tistics. (c)–(e) For hydrodynamics of segments of stained
DNA. See text.

next section we first review various aspects of the
DNA model.

2. Model of DNA

2.1. Hydrodynamics

We use the model introduced by Stigter and
Bustamantew1x and developed pictorially in Fig.
1. The traditional pearl necklace polymer model
of Fig. 1a is well chosen for treating the long-
range hydrodynamic interactions between remote
sections of the polymer, but it is unsuitable for
dealing with the much shorter range, steeper liquid
velocity gradients around a polyelectrolyte chain
in electrophoresis. For the latter purpose we use
the freely jointed chain model in Fig. 1b, the
segmented chain withN cylindrical Kuhn segments
of length 2P whereP is the persistence length of
the chain. The hydrodynamics of short cylinders,
however, is not known with any accuracy. For this
reason the cylindrical segments are recast as pro-
late ellipsoids of the same length and volume. The
friction coefficient of such ellipsoids is known as
a function of size and orientationw5x. The flow
field around a moving ellipsoid is not available in
closed form, but requires about half a page of
computer code for exact evaluation. Fortunately,
this flow field can be well approximated by that
around a solid sphere with the same friction
coefficient as the ellipsoidw2x. For hydrodynamic
purposes, therefore, we represent each cylindrical
chain segmenti in Fig. 1b by an equivalent sphere
with a radiusa that reflects the size of the segmenti

and its orientation, compare Fig. 1c–e
2 2asa cosu qa sin u (1)i I i H i

whereu is the angle between the long axis of thei

segment and the direction of its motion along the
z-axis. We assume the earlier valuew2x 2Ps1300
A for the length of a stained DNA segment and,˚
following Eimer and Pecoraw6x, we take 20 A for˚
the hydrodynamic diameter of B-DNA. This gives
w1x a s104.0 A anda s167.8 A.≤ H

˚ ˚
The pearl necklace model of stained DNA with

a contour length of 1300N A has 65N spheres. We˚
now treat the hydrodynamics of the same DNA
with a constellation ofN spheres. Compared with

the pearl necklace model this reduces the pair
interactions by a factor 65s4225, without signif-2

icant loss of accuracy. In his treatment of hydro-
dynamic stretch of DNA Zimm w7x defines
hydrodynamic chain segments in a different way,
but with the same purpose of reducing the number
of pair interactions.

2.2. Electrophoresis

We use the freely jointed chain model of Fig.
1b. The electrophoretic motion of an isolated,
cylindrical chain segment is in the directionz of
the applied fieldE only for parallel or transverse
orientation. In general, when the isolated segment
i makes an angleu with the field E, the segmenti

does not move in the direction ofE. Here we need
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the projection of the electrophoretic velocity of
segmenti on thez-axis w1x

B E´ DzE 20el 2 2C Fv s cosu q g sin u (2)i i H i
D Gh 3

wherez is the surface potential of the stained B-
DNA in the solution with viscosityh and dielectric
constantD, ´ is the permittivity of free space,0

and g is a numerical factor for the cylindricalH

segment in transverse electrophoresisw8x. Since
the electrophoretic flow field is very short range
w2x, we shall ignore wall effects in Eq.(2) and on
the electrophoretic force on a single segment in
Eq. (10) below. Numerical details for the free
solution electrophoresis of DNA are given in
Appendix A.

2.3. Elasticity of DNA

When a DNA chain is stretched by pulling the
ends apart, it can access fewer conformations than
in the unstretched state. This difference gives rise
to an entropic elasticity. We use the theory of
Marko and Siggiaw9x for the entropic elasticity of
wormlike chains under constant tension. The
results, as given by Zimmw7x, are applied to single
Kuhn segments of contour length 2P. When the
extension of a segmenti under tensionT is z si i

2PNcosu M, the orientation of the segment is giveni

by

zi
N Ms cosui2P

2 30.6667tq0.8080t q0.10365t
s t(92 31q1.1118tq1.1076t q0.10365t

(3a)

0.5
N Mcosu s1y t)9 (3b)i 1y2t

In Eqs. (3a) and (3b) t is the dimensionless
reduced tension

T Pits (4)
k TB

wherek T is Boltzmann’s constant times the abso-B

lute temperature.
In Eqs. (1) and (2), and in other relations

below, we need the average square value,Ncos u M,2
i

instead of the average value,Ncosu M, from Eqs.i

(3a) and (3b). In Refs.w1x and w2x we have used
Ncos u MsNcosu M , shown to be a good approx-2 2

i i

imation for the hydrodynamic stretch of freely
jointed chainsw1x. At present we use forNcos u M

2
i

a more satisfactory expression derived from fluc-
tuation theoryw10x

B E
N M≠ cosui122 C F

N M N Mcosu s cosu q (5)i i
D G2 ≠t T,P

where Eqs.(3a) and(3b) is now used also for the
derivative term in Eq.(5). Zimm w7x has used an
equivalent of Eq.(5) to describe the observed
density distribution of the chain image in hydro-
dynamic stretch. More recently Bouchiat et al.w11x
have derived a ten term expression forT as ai

function of cosu , the inverse of Eqs.(3a) andi

(3b), which in Eq. (5) is less convenient to use
than Eqs.(3a) and (3b). The accuracy of Eqs.
(3a) and(3b) is of the order of 1%, sufficient for
present purposes.
Eqs.(3a) and(3b) has been derived for a chain

stretched in bulk solvent, unhindered by any walls.
Is this elasticity changed when the chain is con-
fined in a slit? We consider a polymer chain inside
a slit with walls atys0 and ysw. The chain is
stretched parallel to the walls, in thez direction.
Chain statistics are often based on the assumption
that the statistics in thex, y, and z directions are
independent of each other. For example, for a
Gaussian distribution the probabilityW(r) of find-
ing the end-to-end distancer of a randomly coiled
polymer is the product of three factors that depend,
respectively, on the componentsx, y, andz of r

W(r)sX(x)Y(y)Z(z) (6)

Confinement of the chain in the slit affects the
Y(y) factor of W(r), but the elasticity of the
stretched chain depends onZ(z). So, to the extent
that Eq.(6) is valid, the chain elasticity does not
depend on the slit widthw. This cannot be gener-
ally true. The conditionx qy qz sr restricts2 2 2 2

the independence ofx, y, and z in Eq. (6).
Furthermore, when the slit widthw becomes small
compared to the persistence lengthP of the chain,
we go from three-dimensional to two-dimensional
chain statistics, with a longer end-to-end distance
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Fig. 2. Electrophoretic stretch of stained DNA withNs200
segments versus external electric field.Solid curve: with fluc-
tuations from Eq.(7). Dashed curve: without fluctuations.

w12x. Incorporating wall effects in the Marko–
Siggia theoryw9x is beyond the scope of this paper.
We shall use Eqs.(3a) and (3b) without
corrections.

2.4. Chain statistics

As beforew1,2x, we use the freely jointed chain
model, dividing the chain intoN Kuhn segments
with segmentks1 tethered and segmentksN at
the free end of the chain. The chain is stretched
in the z direction, and Eqs.(3a) and (3b) is
applied to each segmentk to find the (average)
cosine of the angleu with the z-axis from thek

tensionT in the segment. The anglef betweenk k

the x-axis and the projection of segmentk on the
xy-plane completes the orientation of the segment.
In the earlier workw1,2x all anglesf were chosenk

randomly, beginning with the tethered segmentks
1. Here we proceed in the same way, knowing that
the beginning of segment 1, at the tether point, is
inside the slit. After a random choice off1

between 0 and 2p we test whether the segment is
completely inside the slit. If not,f is divided by1

2 and the segment is tested again, etc. The angle
f is halved until the projection of the segment1

on they-axis, 2P sinu sinf , is small enough to1 1

keep the segment fully inside the slit. In the same
way each succeeding segment is also confined
inside the slit.
In electrophoretic stretch calculations Eq.(5)

allows the inclusion of fluctuations in the chain
extension. Instead of using the average extension,

we now add the r.m.s.NExs2P Ncosu M,i8is1

fluctuations

1y2w zB E
N M≠ cosuN N iC F

N MExs2P cosu qP (7)x |i8 8
D G≠t T,Py ~is1 is1

Fig. 2 shows the difference for a chain of stained
DNA with Ns200 segments in 0.5=TBE buffer.
The changes are minor, except at low extensions
where Ex does not vanish any longer, but now
extrapolates to a finite value, as found in the early
experiments by Smith and Bendichw13x.
For the average values from Eqs.(3a), (3b) and

(5), we shall omit the brackets in the text below.

3. Electrophoretic stretch of DNA in thin slits

With the foregoing model we now consider the
DNA chain consisting ofks1 to N Kuhn seg-
ments, tethered in solution at theks1 end, and
stretched by an external electric fieldE in the z
direction. The tensionT in segmentk is assumedk

to be uniform and equal to the sum of the electro-
phoretic forcesF on segmentsiskq1 to N, oni

the free end of the chain
N

T s F (8)k i8
iskq1

with
N

0 0FsF q6pha Du j/i (9)i i i ij8
js1

F is the electrophoretic force on the single seg-0
i

ment i given by w1x

´ DzE00F si
h

2 2= 6pha cosu q4pha g sin u (10)Ž .I i H H i

The sum of terms in Eq.(9) is due to the
hydrodynamic interaction of segmenti with all the
other segments,j, of the chain, as caused by the
electric force on the countercharge in the solution
around the DNA. In an unrestricted solution the
flow perturbation of segmentj is w1x
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Fig. 3. Electrophoretic extension of T4 DNA versus reflection
numberm in Eq. (12) in different slits and different fields.
From top to bottom: ws5 mm, Es40 V cm ; ws0.3 mm,y1

Es17 V cm ;ws0.09mm, Es9 V cm .y1 y1

w 3B E3 a 1 aj j0 C FDu su y yxij j 3
D G4 r 4 ry ij ij

z3B E3 a 3 aj j2 C Fycosu y j/i (11)|ij 3
D G4 r 4 r ~ij ij

In Eq. (11) u sF y6pha is the local liquidj j j

velocity at segmentj, r is the distance betweenij

segmentsi and j with the condition r 0a qa ,ij i j

and u is the angle between the distance vectorij

r and thez-axis. The expression in square bracketsij

is the relative magnitude in thez direction at
segmenti of the flow originating at segmentj.
For the effect of a single wall on the hydrody-

namics, we use the image or reflection method
which is well established in fluid dynamicsw4x,
and has been employed e.g. by Zimmw7x. To
satisfy the condition of zero liquid velocity at the
wall, located atys0, it is a good approximation
to replace the wall by the mirror image of the
chain with the same velocity in the opposite
direction. When the real molecule has segments at
(x , y , z ), its image has segments at(x , yy , z ).j j j j j j

Reflection means that in Eq.(9) we subtract a
second interaction term proportional to a sum

This sum is similar to that in Eq.N Du (yy ).ij j8js1

(9), but in Eq.(11) r now refers to the distancesij

between segmenti in the real chain and segment
j in its image, andjsi is included.
Extending to a molecule in a slit, we have

multiple reflections from both walls, with the flow
changing sign at each reflection. With parallel
walls at ys0 and ysw a segmentj at y insidej

the slit has an infinite series of images, atyy andj

at 2mwyy , y2mwyy , 2mwqy , andy2mwqy ,j j j j

with ms1 to `. Each of the 1q4m images of
the molecule contributes to the electrophoretic
force F terms as in Eq.(11), where in Eq.(9)i

the sum is subtracted for an odd number of
reflections, and added for an even number of
reflections

N S
T0 0
UFsF q6pha Du yDu yyŽ .i i i ij ij jT8
Vjs1

`
w
xq yDu 2mwyy yDu y2mwyyŽ . Ž .ij j ij jy8

ms1

W
Tz

|XqDu 2mwqy qDu y2mwqy (12)Ž . Ž .ij j ij j ~T

Y

Eq. (12) contains a series inm whose conver-
gence depends on the ratiowya . Fig. 3 shows thei

electrophoretic stretch of a 74mm long DNA
molecule tethered in three different slits, calculated
as a function ofm. The results show that, from
top to bottom, the series in Eq.(12) converges
slower for narrower slits.
Eqs.(8)–(12) give the tensions in the segments

and Eqs.(3a) and(3b) the corresponding segment
extensions. As explained in Ref.w1x, an iterative
computation produces sets of selfconsistent values
for T and cosuk, and with Eq. (7) the chaink

extension.

4. Relaxation of DNA stretched in thin slits

The relaxation of deformed DNA in solution to
form a random coil is driven by its entropic
elasticity. We treat the relaxation dynamics of
stretched DNA as a mechanical equilibrium
between elastic forces contracting the chain and
friction forces of the chain with the solvent oppos-
ing such contraction, beginning with ideas used
already in Ref.w2x. In the experiments of Bakajin
et al. w3x single DNA molecules, first hooked
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Fig. 4. Electrophoretic extension of T4 DNA versus external
electric field in slits of widthws0.09 mm (curve a, dia-
monds); ws0.3 mm (curve b, crosses); ws5 mm (curvesc,
d, and e, squares). Solid curves for same random number
sequence. Curvesa, b, ande tethered in center plane of slit,c
andd at 0.1mm from wall. Points from experiments by Bakajin
et al. w3x.

around a post and stretched in a U-shape by the
external electric field, were allowed to slide off
the post. Contraction, or relaxation, of the stretched
molecule was observed starting immediately after
detachment from the post. The relaxation was
found to be slower in thinner slits. To fit the
experimental conditions above, the earlier relaxa-
tion theoryw2x needs to be extended in two ways.
First, the relaxing molecule is not tethered as in
Ref. w2x, but free floating in the applied electric
field, and, second, wall effects are significant. As
in Ref. w2x the relaxation is driven by elastic
tension gradients. So the treatment should start
with the tension distribution along the stretched,
just detached molecule. At present there are no
suitable experiments or theory that yield the
desired tension distribution. We first review the
relaxation of free floating chains, and then show
how relevant experiments lead to some useful
approximations.
In the tethered chain of Ref.w2x the tension,Tk

in segmentk, increases from the free end,T s0N

in segmentN, to a maximum,T in the tethered1

segmentks1. During relaxation of the chain the
shortening of segmentk is driven by the tension

differenceDT sT yT . This difference is com-k k kql

pensated by the friction force on the free end of
the chain, on segmentsiskq1 to isN, all moving
with the velocityv that shortens segmentk,k

N

DT sv f (13)k k i8
iskq1

wherev f is the friction force on segmenti. Fork i

the free floating chain we assume that the relaxa-
tion is not coupled to the electrophoresis of the
chain, that is, electrophoretic motion does not
change the elastic tension in the molecule. The
elastic tension vanishes at both ends of the chain
and, hence, it must be maximal,T in a segmentm

m, at some distance from the ends. In the leading
part of the chain, fromksm to N, the relaxation
is the same as above, as if the chain were tethered
at segmentm without external electric field. In the
trailing part of the chain the sign of the relaxation
process is reversed. Here the relaxation velocity of
segment k for ks1 to ksmy1 is v s(T yk k

where f is the friction coefficientky1T )y f ,ky1 i i8is1

of segmenti in the trailing free end of the chain,
segments 1 toky1. In summary, the free floating
chain relaxes from both ends toward the point of
maximum tension in segmentm. We approximate
the position of segmentm on the basis of two
experimental observations.
Gurrieri et al. w14x have published a series of

pictures of the unhooking and subsequent relaxa-
tion of a stained 1.6 Mbp DNA molecule in an
agarose gel. The pictures show that relaxation of
the stretched molecule into a random coil is evi-
dent only at the leading end, but not at all at the
trailing end. This suggests that in the detaching
molecule the tension peaks relatively close to the
trailing end, so that relaxation from the leading
end dominates and relaxation from the trailing end
is negligible. A paper by Song and Maestrew15x
on the unhooking dynamics provides supporting
evidence. Measurements on U-shaped DNA during
gel electrophoresis show that the extension of five
molecules during unhooking varied on average
less than 15%. As in Ref.w14x a small amount of
relaxation was evident in the later stages of
unhooking. This may show that electrophoretic
stretch is the major factor in determining the
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molecular extension during unhooking. On this
basis we approximate the tension distribution at
the end of the unhooking process as if it were
determined purely by electrophoretic stretch of a
tethered molecule. In our model we assumems1
and we treat the relaxation of the detaching mol-
ecule, moving in free electrophoresis, as if it
remains tethered at segment 1 with the external
field turned off. With this approximation we now
introduce wall effects.
The relaxation treatment in Ref.w2x is for DNA

relaxing in an infinite amount of solution. In Eq.
(27) of Ref. w2x the segmental friction forces are
given for chain relaxation in a gel. In the present
case of relaxation in a slit we have, in view of
Eqs. (11) and (12), for the friction force on a
segmenti in the free end of the chain

N

v fs6pha v q6phak i i k i 8
jskq1

`S
T 0 w

xU= Du yDu yy q yDu 2mwyyŽ . Ž .ij ij j ij jyT 8
V ms1

yDu y2mwyyŽ .ij j

W
Tz

|XqDu 2mwqy qDu y2mwqy (14)Ž . Ž .ij j ij j ~T

Y

with in Eq. (11) the local liquid velocity at
segmentj now given by u sv f y6pha . As inj k j j

Ref. w2x we keep the velocitiesv constant overk

short time intervalsDt. The fully relaxed free end
of the chain is treated as a random coil. Chain
extensions are obtained by adding segment exten-
sions. Plotting these versus the relevant sum of
time intervals gives the relaxation curve.

5. Comparison with experiments

In this section we consider the experiments of
Bakajin et al.w3x who measured the electrophoretic
stretch and the relaxation of single DNA molecules
in thin slits filled with Tris–Borate–EDTA buffer
(0.5=TBE). Observations of electrophoretic
stretch were on T4 DNA(167 kbp) stained with
TOTO-1 dye, hooked symmetrically over a post
between the cell walls. Staining of the DNA added
approximately 30% to the contour length of the
molecules which were found to be approximately

74 mm long. As in Refs.w2x and w3x we assume
that staining increased the persistence length of
the DNA also by 30%.

5.1. Electrophoretic stretch

Fig. 4 is a modified copy of Fig. 2 of Bakajin
et al. w3x showing the extension of the DNA
stretched in fields of approximatelyEs1 to 50
V cm in three different slits. In Ref.w3x they1

extensions are plotted versus a flow velocityvs
u E, whereu is the electrophoretic mobility ofav av

coiled DNA as measured in an obstacle-free part
of the solution. The value ofu , however, is notav

reported in Ref.w3x, causing some uncertainty in
the data. The points in Fig. 2 of Ref.w3x cover the
range ofvs2.14 to 128mm s , somewhat largery1

than the 50-fold range, 1 to 50 V cm , reportedy1

for E. To make progress we have assumed that the
highest field used wasEs50 V cm . The result-y1

ing mobility of coiled DNA,u s128mm s y50y1
av

V cm s2.56=10 cm V s , gives ezyy1 y4 2 y1 y1

kTsy2.01 and g s0.684, see Appendix A,H

Table 2. With this information we have used Eqs.
(3a), (3b), (7), (8) and (12) above with the
numerical iteration method of Ref.w1x, and
obtained the curves in Fig. 4.
From top to bottom the curves in Fig. 4 are for

increasing widthw of the cell. The two top curves,
markeda andb, are fairly close to the experiments
for ws0.09 and 0.3mm The three lower curves
are for ws5 mm, calculated for different condi-
tions. For narrow slits the DNA chain is frequently
in contact with one of the walls, fixing they-
position of the chain within narrow limits. There-
fore, the stretch curve is not very sensitive to the
assumed tether position of the chain on the post,
or to the random sequence used for the chain
conformations. This is different for relatively wide
slits such as forws5 mm. The lowest curve,e, in
Fig. 4 is for DNA tethered in the center plane of
the cell, as in curvesa andb. Curvesc andd are
for DNA tethered close to a wall, aty(1)s0.1
mm, compared withy(1)s2.5mm for curvee. We
find that the difference is quite significant. For
curvesc and d the chain approaches the wall at
ys0 much closer than for curvee and, hence, the
first hydrodynamic reflection increases the friction
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Fig. 5. Relaxation of stretched T4 DNA in slits of different
widths. From left to right: slit width ws5, 0.3, 0.09mm.
Points from experiments by Bakajin et al.w3x.

of the chain much more. All solid curves are for
the same random sequence for the conformations,
but for the dashed curve a different random
sequence was chosen, leading to a significant
difference between curvesc and d. From the
differences between curvesc, d, and e we antici-
pate that, if we evaluate stretch curves for various
tether points across the slit and for various random
sequences, the average stretch curve forws5 mm
would agree reasonably well with the experimental
points. The uncertainty of the electrophoretic
mobility and, hence, thez potential of DNA, and
the possible significance of electroosmotic flow
(see below) might also influence the fit between
theory and experiment in Fig. 4.

5.2. Relaxation

In Ref. w3x U-shaped DNA molecules were
stretched in the three different slits by electric
fields that were adjusted to give an extension of
approximately 44mm at detachment. The experi-
mental extension-time observations of the subse-
quent relaxation are shown in Fig. 5. For the T4
DNA molecules, with a contour length of approx-
imately 74 mm w3x, relaxation calculations with
Ns563 segments for the tethered molecule require
very long computer times. This is so in particular
for narrow slits, where many reflections are needed
in Eq. (14) with every update of the friction

coefficients. Therefore, we have used relaxation of
shorter molecules and scaling to obtain the relax-
ation curves for T4 DNA.
As pointed out in w2x, scaling is not perfect

because a plot of log(Ex) versus timet is not
quite linear. So the exponenta in the scaling
equation ExstyN depends on the range of thea

relative chain extension Ex selected to evaluatea.
We have used Exs0.6 and 0.1, andNs100 and
200, to find the exponents for the three different
slits: as1.465 for slit widthws5 mm, as1.655
for ws0.3 mm, andas1.790 for ws0.09 mm.
The relaxation forNs563, extrapolated from the
Ns200 results by scaling, is shown in Fig. 5 as
solid curves for the three slits. In the widest slit,
ws5 mm, relaxation was also computed directly
for Ns563. The results, shown as the dashed
curve in Fig. 5, are very close to the relevant solid
curve, evidence of the good quality of the scaled
curves.
The computations assume that the molecules are

tethered in the center of the slits. As in Fig. 4
above, this might not correspond to the experi-
ments. If the relaxing molecule was off center and
close to a wall, its friction factor increased and its
relaxation was slower than calculated. This effect
would be most significant in the wide slit, with
ws5 mm, and might explain why the theoretical
relaxation is significantly faster than the experi-
ments in this slit. In view of the various approxi-
mations and uncertainties the agreement between
theory and experiment is satisfactory.

6. Discussion

As shown in Table 2 of the Appendix A, in
0.5=TBE buffer solution the smallest estimate of
the surface potential of DNA, stained with TOTO-
1, is ezykTsy1.98. The potential estimated from
the measurements of Bakajin et al.w3x, ezykTsy
2.01, is nearly the same. This close agreement
might be accidental, see Appendix A, and does
not rule out electroosmotic flow. Without present-
ing evidence, Bakajin et al.w3x state that ‘Elec-
troosmotic flow, induced by surface charges, was
negligible.’
In general, the most effective way to prevent

electroosmosis in electrophoretic experiments is
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Table 1
Electrophoresis of DNA in solutions of KCl N(CH ) Cl3 4

(TMACl), Tris–Acetate(TA)

a y0 u≤ uH

KCl TMACl TA

C s0.003 Msalt

0.05 0.81 1.62 0.81 0.81 0.81
0.10 1.59 3.18 1.54 1.52 1.50
0.15 2.31 4.61 2.12 2.09 2.04
0.20 2.95 5.90 2.57 2.51 2.41
0.25 3.52 7.03 2.90 2.81 2.66
0.30 4.01 8.02 3.14 3.01 2.83
0.35 4.44 8.87 3.31 3.16 2.94
0.40 4.81 9.62 3.44 3.26 3.02
0.45 5.14 10.28 3.54 3.33 3.08
0.50 5.43 10.86 3.61 3.39 3.12
0.55 5.69 11.38 3.67 3.44 3.15
0.60 5.93 11.85 3.72 3.47 3.17
0.65 6.14 12.27 3.75 3.49 3.19
0.70 6.33 12.66 3.78 3.52 3.20
0.75 6.51 13.02 3.81 3.53 3.21
0.80 6.68 13.35 3.83 3.55 3.22
0.85 6.83 13.66 3.85 3.56 3.23
0.90 6.97 13.94 3.86 3.57 3.23
0.95 7.11 14.21 3.88 3.58 3.24
1.00 7.24 14.46 3.89 3.59 3.25

C s0.01 Msalt

0.05 0.60 1.20 0.61 0.61 0.61
0.10 1.18 2.36 1.18 1.17 1.16
0.15 1.73 3.46 1.66 1.65 1.62
0.20 2.23 4.46 2.06 2.03 1.97
0.25 2.69 5.37 2.37 2.32 2.23
0.30 3.10 6.19 2.62 2.54 2.43
0.35 3.46 6.92 2.81 2.71 2.57
0.40 3.79 7.57 2.96 2.84 2.68
0.45 4.08 8.16 3.07 2.94 2.75
0.50 4.35 8.69 3.16 3.01 2.81
0.55 4.59 9.17 3.24 3.08 2.86
0.60 4.80 9.60 3.30 3.12 2.90
0.65 5.00 10.01 3.35 3.17 2.93
0.70 5.19 10.37 3.40 3.20 2.95
0.75 5.36 10.72 3.43 3.22 2.97
0.80 5.52 11.03 3.46 3.25 2.99
0.85 5.67 11.33 3.48 3.27 3.00
0.90 5.81 11.61 3.51 3.28 3.01
0.95 5.94 11.87 3.53 3.30 3.02
1.00 6.06 12.11 3.54 3.31 3.03

C s0.03 Msalt

0.05 0.43 0.87 0.46 0.46 0.46
0.10 0.86 1.72 0.89 0.89 0.88
0.15 1.27 2.53 1.28 1.27 1.26
0.20 1.65 3.30 1.62 1.61 1.58
0.25 2.01 4.01 1.91 1.88 1.84
0.30 2.34 4.67 2.15 2.11 2.04
0.35 2.64 5.28 2.34 2.28 2.20

Table 1(Continued)

a y0 u≤ uH

KCl TMACl TA

0.40 2.92 5.83 2.51 2.43 2.33
0.45 3.17 6.34 2.64 2.55 2.43
0.50 3.41 6.81 2.75 2.65 2.51
0.55 3.62 7.24 2.84 2.72 2.57
0.60 3.82 7.64 2.91 2.79 2.62
0.65 4.00 8.01 2.97 2.84 2.67
0.70 4.18 8.35 3.03 2.89 2.70
0.75 4.34 8.67 3.07 2.93 2.73
0.80 4.49 8.97 3.12 2.96 2.76
0.85 4.63 9.25 3.15 2.99 2.78
0.90 4.76 9.51 3.18 3.01 2.79
0.95 4.88 9.76 3.20 3.03 2.81
1.00 5.00 10.00 3.23 3.05 2.82

C s0.1 Msalt

0.05 0.29 0.57 0.32 0.32 0.32
0.10 0.57 1.14 0.63 0.63 0.63
0.15 0.85 1.70 0.93 0.92 0.92
0.20 1.12 2.23 1.20 1.19 1.18
0.25 1.37 2.74 1.44 1.43 1.41
0.30 1.62 3.23 1.66 1.64 1.61
0.35 1.85 3.69 1.85 1.83 1.78
0.40 2.06 4.13 2.02 1.98 1.93
0.45 2.27 4.54 2.16 2.12 2.05
0.50 2.46 4.92 2.29 2.23 2.15
0.55 2.64 5.28 2.40 2.33 2.23
0.60 2.81 5.62 2.49 2.42 2.31
0.65 2.97 5.94 2.57 2.49 2.37
0.70 3.12 6.25 2.64 2.55 2.42
0.75 3.27 6.53 2.70 2.60 2.47
0.80 3.40 6.80 2.76 2.65 2.50
0.85 3.53 7.06 2.80 2.69 2.54
0.90 3.65 7.30 2.84 2.72 2.56
0.95 3.77 7.53 2.88 2.75 2.59
1.00 3.88 7.76 2.91 2.78 2.61

Chargeyae per DNA phosphate. Surface potentialy sy0

ezykT. Mobilities u andu in 10 cm V s . Equivalenty4 2 y1 y1
≤ H

conductancew21,22x of counterions:l s73.5,l s42.1,q qK TMA

l s29.7; of coions:l s76.3,l s40.9.q y yTris Cl acetate

coating the glass surfaces with a brushlike layer
of an uncharged polymer such as polyacrylamide,
used by Stellwagen et al. in capillary electropho-
resis w16x. Such a precaution is strongly advised
since the large variations among experimental
results in important studies of electrophoretic
stretch w13x and unhookingw15x of DNA near a
gelyglass interface, suggest the influence of uncon-
trolled electroosmotic flow.
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Table 2
Electrophoretic mobility, in 10 cm V s , of DNA iny4 2 y1 y1

0.5=TBE buffer

yeyAa˚ yy0 u≤ uH uav

0.593 5.30 10.59 2.88 5.45
0.351 4.06 8.11 2.69 4.50
0.383b 4.27 8.53 2.74 4.67
0.226b 3.05 6.09 2.39 3.62
0.197b 2.75 5.50 2.26 3.34
0.320c 3.84 7.68 2.46 4.32
0.189c 2.66 5.33 2.21 3.25
0.132c 1.98 3.96 1.81 2.53
0.134 2.01 4.02 1.83 2.56

Charge density.a

Estimate for staining with Ethidium bromide.b

Estimate for staining with TOTO-1.c

We have treated the relaxation of DNA under
free electrophoresis the same as relaxation of
tethered DNA without a field. The reasonable
agreement in Fig. 5 seems to validate the under-
lying assumption that elastic relaxation is the only
process in both cases.
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Appendix A: Free solution electrophoresis of
DNA1

We model ‘kinetic’ B-DNA as a cylinder with
a hydrodynamic diameter of 20 A, and a phosphate˚
charge density ofy2y3.37sy0.593 eyA, sur-˚
rounded by a Poisson–Boltzmann atmosphere of
small ions. Electrophoresis of the cylinder depends
on its orientation. For long rods oriented parallel
to the applied field, neglecting end effects, the
mobility is given by von Smoluchowski’s Equa-
tion, accounting for the backflow of the ionic
atmosphere(electrophoretic effect),

´ Dz0u s (A1)I
h

For rods oriented perpendicular to the external

Upon request the author will email hisFORTRAN program1

for electrophoresisw18x to interested readers.

field, the mobility

2´ Dz0u sg (A2)H H 3h

is lowered not only by the electrophoretic effect,
but also by an asymmetry of the ionic atmosphere
(relaxation effect) which decreases the applied
field locally, depending on ionic mobilities and on
z in a nonlinear fashion. The numerical factorgH

in Eq. (A2) depends on properties of the cylinder
and of the ionic medium. Some values are given
in Ref. w8x. Table 1 lists for DNA at 258C, with
a chargeyae per phosphate group, the dimen-
sionless surface potentialy syezykT, and the0

mobilities u and u in solutions of KCl,≤ H

N(CH ) Cl, (TMACl) and Tris–Acetate, as com-3 4

puted from the long rod theoryw17,18x. Values of
g s3u y2u follow also from the data. TheH H ≤

dependence ofy on the charge, and ofu on y0 H 0

is strongly nonlinear. The difference betweenu≤

and u shows the large effect of the orientationH

of the cylinder. The dependence ofu on ion typeH

through the relaxation effect is substantial, in
particular at high potential and low ionic strength.
The random average mobility

1 2
u s u q u (A3)av I H3 3

is observed in free solution electrophoresis of
DNA.
We now discuss some data relevant to gel

electrophoresis of DNA and related experiments.
Using capillary electrophoresis, Stellwagen et al.
w16x measured the free solution mobility of DNA
fragments of various sizes at 258C in buffer
solution of 0.04 M Tris–Acetate and 0.001 M
EDTA, pH 8.0. For fragments longer than approx-
imately 400 base pairs(bp) the mobility was
constant atu s3.75=10 cm V s . At pHy4 2 y1 y1

av

8 about half of the Tris–base is ionized, and
neutralized by acetic acid. Neglecting the presence
of EDTA, we assume that the ionic strength of the
buffer solution is 0.02 M. For this solution the
long rod theoryw17,18x givesas0.39, suggesting
that more than half of the Tris counterions areq

inside the shear surface of the DNA. We compare
this with the classic study by Ross and Scruggs
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Table 3
Effects of kinetic diameter of B-DNA on its electrophoresis in
TMACl solutions

Diameter(A)˚ MTMACl y0 u≤ uH uav

B-DNA, charge densityy0.593eyÅ
20 0.002 7.63 15.26 3.68 7.54
20 0.005 6.73 13.46 3.48 6.80
20 0.010 6.06 12.11 3.31 6.25
20 0.020 5.39 10.77 3.14 5.69
20 0.050 4.52 9.03 2.93 4.97
20 0.100 3.88 7.75 2.78 4.44

22 0.002 7.44 14.88 3.64 7.39
22 0.005 6.55 13.09 3.43 6.65
22 0.010 5.87 11.74 3.27 6.09
22 0.020 5.21 10.41 3.10 5.53
22 0.050 4.34 8.68 2.89 4.82
22 0.100 3.70 7.41 2.74 4.30

24 0.002 7.27 14.54 3.60 7.25
24 0.005 6.38 12.75 3.39 6.51
24 0.010 5.70 11.41 3.22 5.95
24 0.020 5.04 10.08 3.06 5.40
24 0.050 4.18 8.35 2.85 4.69
24 0.100 3.55 7.09 2.71 4.17

Stained-DNA, charge densityy0.383eyÅ
20 0.002 6.51 13.01 3.60 6.73
20 0.005 5.64 11.27 3.35 5.99
20 0.010 4.99 9.97 3.16 5.43
20 0.020 4.35 8.70 2.96 4.87
20 0.050 3.54 7.08 2.69 4.15
20 0.100 2.96 5.91 2.48 3.63

22 0.002 6.32 12.64 3.55 6.58
22 0.005 5.46 10.91 3.31 5.84
22 0.010 4.81 9.62 3.11 5.28
22 0.020 4.18 8.36 2.90 4.72
22 0.050 3.38 6.75 2.63 4.00
22 0.100 2.80 5.61 2.42 3.48

24 0.002 6.16 12.31 3.52 6.45
24 0.005 5.29 10.58 3.25 5.70
24 0.010 4.65 9.30 3.06 5.14
24 0.020 4.02 8.04 2.85 4.58
24 0.050 3.23 6.46 2.58 3.87
24 0.100 2.67 5.33 2.37 3.36

Surface potentialy syezykT. Mobilities u , u , andu in0 ≤ H av

10 cm V s . Equivalent conductance:l s42.1,y4 2 y1 y1
qTMA

l s76.3.yCl

w19x who measured electrophoresis of calf thymus
DNA in various salt solutions at 1.38C, using the
Tiselius moving boundary method. As shown ear-
lier w17x, their results in 0.05–0.6 M solutions of
TMACl lead to DNA surface charges correspond-

ing to approximatelyas1. The difference between
as0.39 in Tris–Acetate andas1 in TMACl is
at least partly of electrostatic origin, due to the
location of the charge in the cations. In Tris theq

N charge is at the outside of the ion, giving aq

high local positive potential for binding to the
negative DNA surface, in addition to the possibil-
ity of hydrogen bonding with the OH groups of
Tris. On the other hand, in TMA the N chargeq q

is in the center of the ion, giving a much smaller
potential for local binding to DNA, and no hydro-
gen bonding with the DNA surface.
Gel electrophoresis of DNA is often carried out

in 0.045 M Tris–Borateq1 mM EDTA buffer
(0.5=TBE). Stellwagen et al.w16x found in this
buffer u s4.5=10 cm V s for the freey4 2 y1 y1

av

solution mobility of DNA fragments larger than
400 bp. Taking an ionic strength of 0.022 M
(correcting the previously used valuew1x of 0.01
M), and assuming the same equivalent conduc-
tance of Borate as of Acetate, this mobility corre-
sponds to a DNA charge ofas0.59. Compared
with as0.39 for DNA in Tris–Acetate buffer, the
replacement of Acetate by Borate ions makes DNA
substantially more negative.
As in Ref. w3x, single molecule experiments

related to gel electrophoresis are often carried out
by fluorescent microscopy of DNA stained with
an intercalating dye. In general, the charge of the
stained DNA is uncertain because there are no
suitable electrophoretic experiments. Here we
derive some estimates for DNA in 0.5=TBE
buffer, stained with Ethidium bromide, a much
used monovalent, monointercalating dye. At a
typical dye concentration of 0.5mg ml interca-y1

lation of Ethidium bromide increases the contour
length of DNA by 31%w20x. We assume a rise of
3.37 A per bp and the same per intercalating dye˚
molecule. Then the intrinsic linear charge density
of unstained DNA, y2y3.37sy0.593 eyA,˚
changes toy(2y0.31)y(3.37=1.31)sy0.383
eyA for the stained DNA. It is likely that stained˚
DNA interacts with bufferions in much the same
way as unstained DNA, that is, giving a charge
reduction of approximately 41%, see above. In
stained DNA we can apply this reduction to the
net charge, giving a linear charge density ofy
0.59=(2y0.31)y(3.37=1.31)sy0.226 eyA, or˚
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reduce just the phosphate charge by 41%, giving
y(0.59=2y0.31)y(3.37=1.31)sy0.197eyA.˚
Bakajin et al.w3x stained T4 DNA with TOTO-

1, a bis-intercalating dye with four positive charges
per molecule. With a 30% increase in contour
length, the intrinsic charge of the stained DNA is
y(2y2=0.30)y(3.37=1.30)sy0.320 eyA.˚
Assuming the same interaction with buffer as
above, the net charge density becomesy0.59(2y
2=0.30)y(3.37=1.30)sy0.189 eyA or˚
y(0.59=2y2=0.30)y(3.37=1.30)sy0.132 ey
A. Table 2 gives thez potentials and the electro-˚
phoretic mobilities of DNA with the charge
densities derived above.
The results in Table 1 and 2 depend significantly

on the value assumed for the kinetic diameter of
DNA, ds20 A in this paper. Actually, this value˚
is rather uncertain. An associated problem is using
the same shear surface for interpreting electropho-
resis and friction experiments. Earlier computa-
tions were based on different kinetic diameters,
ds24 A w1,8,17x and ds22 A w2x. Suitable˚ ˚
experiments on DNA with a known electrophoretic
charge density could be used to determine the
kinetic diameter of DNA more accurately. The
electrophoretic experiments by Ross and Scruggs
w19,23x on DNA in various ionic solutions suggest
strongly that TMA counterions do not interactq

specifically with B-DNA. So in solutions of
TMACl one expects that the electrophoretic charge
of DNA equals its intrinsic phosphate charge with
linear charge densityy2y3.37sy0.593eyA. For˚
DNA stained with Ethidium bromide, 0.5
mg ml , a reasonable estimate of the intrinsicy1

charge density isy0.383 eyA, see above. For˚
these cases Table 3 gives the predicted electro-
phoretic mobilities for DNA cylinders with diam-
etersds20, 22, and 24 A as a function of TMACl˚
concentration.
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